Abstract⎯We study the mathematical model of a circular neural network with synaptic interaction between the elements. The model is a system of scalar nonlinear differential-difference equations, the right parts of which depend on large parameters. The unknown functions included in the system characterize the membrane potentials of the neurons. The search for relaxation cycles within the system of equations is of interest. Thus, we postulate the problem of finding its solution in the form of discrete travelling waves. This allows us to study a scalar nonlinear differential-difference equation with two delays instead of the original system. We define a limit object which represents a relay equation with two delays by passing the large parameter to infinity. Using this construction and the step-by-step method, we show that there are six cases for restrictions on the parameters. In each case there exists a unique periodic solution to the relay equation with the initial function from a suitable function class. Using the Poincaré operator and the Schauder principle, we prove the existence of relaxation periodic solutions of a singularly perturbed equation with two delays. We find the asymptotics of this solution and prove that the solution is close to the solution of the relay equation. The uniqueness and stability of the solutions of the differential-difference equation with two delays follow from the exponential bound on the Fréchet derivative of the Poincaré operator.
STATEMENT OF THE PROBLEM
The present paper continues an approach to modelling chemical synapses, initiated in [1] , on the basis of the idea of fast threshold modulation. The fast threshold modulation is a special way of coupling of dynamical systems, for which a characteristic feature is that the right-hand sides of the corresponding differential equations experience jumps as some control variables cross critical values (see [2] [3] [4] [5] [6] [7] ).
A slightly different mathematical model of this neural network with a synaptic interaction was suggested in paper [1] , namely,
Here, is the normalized membrane potential of the neurons connected in a ring; is a large parameter characterizing the rate of electric processes in the system; is a critical value; and the terms modulate the synaptic connection. The functions have the properties
We find a periodic solution of system (1) such that functions have one asymptotically high impulse on the period with a phase difference 1 The article was translated by the authors. 
Δ = >
The motivation behind choosing system (1) is described in [1] as follows. Firstly, coupling terms change their sign from " " to " " as the potentials increase and cross the critical value Secondly, for system (1) , there exists a well-defined limit object which is a relay system with delays. We show this in the second section.
Our analysis of singular perturbation system (1) is based on the next two mathematical ideas. The first one deals with the substitution of variables in system (1) . Moreover, we use a small parameter instead of the large parameter λ. The substitution permits one to pass to the system
where which is close to the relay system. This idea is described in [1, [8] [9] [10] [11] [12] [13] [14] .
The second idea is to find a discrete running-wave periodic solution of (3). The approach of finding such a solution was studied in the papers [1, 12, 15, 16] . The main idea is to apply the substitution (4) which leads us to a new problem of finding a periodic solution of the following auxiliary equation with two delays:
Since the period of the solution of equation (5) is We have the following problem for equation (5): to find the parameters a, b, c, such that for all sufficiently small equation (5) has the exponentially orbitally stable cycles with the period such that
We also demand that the function change its sign exactly one time per period. Taking into account our exponential substitution, this means that the functions have one high impulse with phase difference per period. (2) and by the definition of and G, we have (6) Let us investigate the limit relay equation (7) with initial functions defined as follows. As in [1, 13, 14] , let us fix constants (we clarify the bounds on these constants below). We use to denote the closed bounded convex set of functions (see Fig. 1 ), defined as follows:
ANALYSIS OF THE AUXILIARY EQUATION By properties
We denote the solution of equation (7) with an arbitrary function by
We are interested in a periodic solution. Let be a periodic solution with exactly one root per period. Denote the period by
We construct such a solution using the step-by-step method. Depending on the signs of and equation (7) can be written as
whenever 0 0 whenever 0 ( ) ( ) whenever 0 1 whenever 0 
Consider the segment Then the arguments of the functions and (i.e., and ) coincide with the functions which are negative on this segment. Consequently, for these values of we have case (A) for Thus,
Since is periodic, we have Thus, taking into account (10) and the assumption that is the unique root of equation on the interval the function is organized as shown in Fig. 2 ; i.e., it is positive on the interval and negative on the interval Since is assumed to be periodic, we demand that (11) and the point belongs to the segment on which the solution is described by formula
The following construction of the solution depends on the order of switching points of the relay functions Δ, 1, and the first two roots of equations By (9), we have two cases for Δ, 1, I.1. when the intersection of intervals is empty (Fig. 3a) ; I.2. and when the intersection is not empty (Fig. 3b) .
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Let us consider the reverse case for (9), i.e.,
II. (12)
Then we obtain eight more possible cases for the relative position of the switching points of the relay functions and the zeros of the solution, analogous to the previous ones (Figs. 4b, 4d, 4f, 4h, 4j, 4l, 4n, 4p). In that case II, we redefine the set of initial functions in the following way:
The set is similar to (8) , but it is defined on the segment The reason is that the length of the segment on which the initial functions are defined shall be equal to the largest delay of the considered equation. Therefore, inequality (11) takes the following form:
. (7) with initial function satisfying (8). 
( ( 1))
.
It is necessary to choose from these sixteen cases the ones in which the function is -periodic. This means that either condition (11) in case I or condition (14) The graphs of the solutions of relay equation (7) 
where (16) I. 
The schematic graph of the function in this case is in Fig. 6 . Now, let the parameter from (8) or (13) 
3. PROOF OF THEOREM 1 The general scheme of the proof is described in [1, 13, 14] . Let us introduce some notation for its presentation. For an arbitrary function consider the solution of equation (5) with the initial condition Suppose that the equation has two or more positive roots. We denote the second one by Finally, we define the Poincaré operator (or in case II) by the formula (24) The scheme of the subsequent argument is standard. We find asymptotic (uniform with respect to ϕ and ) formulas of the solution on different time intervals. The formulas imply that, for an appropriate choice of the parameters the operator is defined on the set and takes it into itself. This allows us to use the Schauder principle to prove the existence of a fixed point of
The compressibility of the map and the uniqueness of the fixed point in the set follow from the exponential bound on the Fréchet derivative of
Construction of the Solution Asymptotics
As an example, we construct the asymptotics in case I.1.1.3. We use the step-by-step method. Firstly, let us consider the segment We suppose that the parameter meets the restriction (with constraint (22)). Here, and belong to the segments embedding in where the functions coincide with the functions Consequently, we have using the inequalities from (8). Since satisfies (2), we obtain (25) Thus, in this case, the solution is determined from the Cauchy problem Consequently, we obtain the uniform with respect to ϕ asymptotic equality
Here and below, the parameter is some positive constant. Fix a parameter to continue the construction of the asymptotics
Let us consider the segment The Cauchy problem is the same, but here the remainder in the right part is Thus, we have (27) The next segment is
Here, the solution of the relay equation has an inflection. The function satisfies (25), and, by (26), is described by
We deal with the Cauchy problem (28) on the considered segment. We find the solution of (28) in the form (29) where the function is defined as
and is the reminder to be determined. Let us prove that has an exponential order of smallness uniformly in ϕ and t. Firstly, let us clarify the asymptotic behavior of the function Lemma 2. The function satisfies the following asymptotic equalities:
Note that the coefficient of in the equality (32) coincides with the coefficient of the tangent to at the point on the right.
Equality (31) follows from properties (2) of the function g. We represent integral (30) in the form to prove (32). The substitution transforms the first integral to By (2), it is finite. We have
[ ] .
α α Δ − ε , Δ + ε ( ( 1 ) ) The restrictions (45) imply that this condition is true.
Thus, the operator which is compact, maps the closed, bounded, and convex set into itself. Therefore, using the Schauder principle, we find that this operator has at least one fixed point in Thus, the solution of equation (5) with the initial function turns out to be periodic with period and, in view of (42), (43), it satisfies the required properties (23).
The uniqueness and stability of the periodic solution are proved in the standard way. Specifically, they follow from the estimation of the Fréchet derivative of the operator (see [1, 13, 14] ).
4. CONCLUSIONS Recall that as the solution of system (3) can be found in the form of a discrete running wave (4), the following restriction is put on the required period where is the number of equations in system (1), Further, to emphasize the dependence of the periods of the functions (see (15) and (23)) on the phase shift we denote them by accordingly. Note that formulas (16)- (20) imply the following identity:
(47) Formula (23) implies that Let us demand that where is described by (47), determines the number of neurons in the model (1), To sum up, note that the present paper complements the research from [1] . We have proved that in (5) we can single out exactly six cases of the values of the parameters for which there exists a stable periodic solution with one interval of positive values and one of negative per period (see Fig. 2) , and, moreover, for which the length of the negative phase is not smaller than the biggest delay of (5). Thus, we have fully studied the question of the existence and stability of periodic solutions in the specified form for equation (5) in a large domain of parameters.
